In this note we prove that every regular local ring of dimension 3 is a unique factorization domain. Nagata4 showed (Proposition 11) that if every regular local ring of dimension 3 is a unique factorization domain, then every regular local ring has unique factorization.* Thus, combining these results we have that every regular local ring is a unique factorization domain.
Throughout this note R is a local ring with maximal ideal 9)1. The definitions and notation follow those of Auslander and Buchsbaum.' PROPOSITION 1. Let x be in 9N and y in R such that a = (x): y satisfies the following conditions: (a) Md a < 1 and (b) x is not in Ma. Then a = (x) and x is not a zero divisor.
Proof: Suppose x does not generate a. Since x is not in Ea, there exist a,, ..., an in a (n > 0) such that x, a, ..., an form a minial generating set for a. Let Rn+l denote the direct sum of n + 1 copies of R, define f: R"+l -C a by f(ro, n ...,rn) =roX + E ria, and let K = Kerf. Since x, a,, .. .,ais a minimal generating system for a, we have that f is an epimorphism and K is contained in 9fRtn+1. From the exact sequence 0 -a K --R n+, -a 0 and the fact that hd a < 1, we have that K is R-free. Since a is not principal, we have that hd a = 1 and thus K $ 0.
Let Ni = (t40 . .., tin) be a free basis for K over R (i = 1, ...,m). Since a, is Nj,} are a free basis for K over R, we have that xrj = -ysj for all j = 1, ..., m.
But (x) :y = a. Therefore we have that each sj is in a. Since T = (a,, -x, 0, m m ..., 0) = Ej sjNj, it follows that -x = E sjtjl. Therefore x is in Ma (since K j=1 j=1
is contained in 9YR7+') which contradicts the fact that x is not in Va. Thus a = (x). The fact that x is not a zero divisor follows from the assumption hd a < 1 < o and [2, corollary 6.3].
COROLLARY 2. Suppose p is a prime ideal in R such that dim R, = 1 and hd R/p < 2. Then p is a principal ideal.
Proof: Since hdRR/p > hdR5R/pR5 = gi. dim R., it follows that the gi. dim Rp is finite. (See reference 1, 1.6 and reference 3; VIII, 2.6'.) Therefore R. is a regular local ring of dimension 1 (see reference 1, 1.9). Let xi, . . ., xt be a min.
generating set for p. Then the xi, . . ., xt considered as elements in R. generate pR,. Since R. is a regular local ring of dimension 1, we have that pR, = xjRI for some j. Let (xj) = q, n ... n q, be a normal, primary decomposition for (xj).
From xjR5 = pFR5 it follows that one of the qi is t. Let us say q, = p. Then for y in (q2 n ... n q) -p we have that (xj): y = p. Since x; is not in Up and hd p < 1, it follows from the previous proposition that p = (xj).
THEOREM 3. Let R be a local domain of dimension <S such that hd R/p < co for all minimal prime ideals p. Then R is a unique factorization domain. Proof: Since R is a noetherian domain, it follows from reference 4; Lemma 1, pg. 408, that it suffices to show that each minimal prime ideal is principal in order to show that R is a unique factorization domain. But by Corollary 2, it will follow that a minimal prime ideal p is principal if we can show that hd Rip < 2. Since hd RIp < a) we have by reference 1; 3.7 and 1.3 that hd R/p + Codim R/ip = Codim R < dim R. But Codim RIp > 1 and dim R < 3. Thus hd R/p < 2, which completes the proof.
Since every module has finite homological dimension over a regular local ring, we have established COROLLARY 4. Every regular local ring of dimension <3 is a unique factorization domain.
THEOREM 5. Every regular local ring is a unique factorization domain. * Prior to this result, Zariski proved that if every complete regular local ring of dimension 3 is a unique factorization domain, then every complete regular local ring is a unique factorization domain (unpublished). Combining this with Mori's and Krull's result that a local ring is a unique factorization domain if it's completion is a unique factorization domain, we obtain another proof of this reduction theorem. I Auslander, M., and D. A. Buchsbaum, "Homological Dimension in Noetherian Rings," Trans. Am. Math. Soc., 85, 390-405 (1957) .
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